Quantum Black Hole Seismology II: Applications to Astrophysical Black
  Holes by Oshita, Naritaka et al.
RESCEU-5/20
Quantum Black Hole Seismology II: Applications to Astrophysical Black Holes
Naritaka Oshita1∗, Daichi Tsuna2,3 ∗, and Niayesh Afshordi1,4,5
1Perimeter Institute, 31 Caroline St., Waterloo, Ontario, N2L 2Y5, Canada
2Research Center for the Early Universe (RESCEU),
the University of Tokyo, Hongo, Tokyo 113-0033, Japan
3Department of Physics, School of Science, the University of Tokyo, Hongo, Tokyo 113-0033, Japan
4Department of Physics and Astronomy, University of Waterloo,
200 University Ave W, N2L 3G1, Waterloo, Canada and
5Waterloo Centre for Astrophysics, University of Waterloo, Waterloo, ON, N2L 3G1, Canada
With the advent of gravitational wave astronomy, searching for gravitational wave echoes from
black holes (BHs) is becoming an interesting probe of their quantum nature near their horizons.
Newborn BHs may be strong emitters of echoes, as they accompany large perturbations in the
surrounding spacetime upon formation. Utilizing the Quantum Black Hole Seismology framework
[1], we study the expected echoes upon BH formation resulting from neutron star mergers and
failed supernovae. For BH remnants from neutron star mergers, we evaluate the consistency of
these models with the recent claim on the existence of echoes following the neutron star merger
event GW170817. We find that the claimed echoes in GW170817, if real, suggest that overtones
contribute a significant amount of energy in the ringdown of the remnant BH. We finally discuss
the detectability of echoes from failed supernovae by second and third-generation gravitational wave
detectors, and find that current (future) detectors constrain physical reflectivity models for events
occurring within a few Mpc (a few × 10 Mpc). Detecting such echo signals may significantly
constrain the maximum mass and equation of state of neutron stars.
I. INTRODUCTION
The recent detection of gravitational waves (GWs)
from the merger of binary black holes (BHs), GW150914,
has marked the beginning of gravitational wave astron-
omy [2]. GWs not only enable us to investigate the emis-
sion and properties of these compact objects but also the
compact objects themselves, for instance whether BHs
are really “black” down at their horizons.
GW echoes are proposed as observable smoking guns
of quantum effects near BH horizons [3–8], or for al-
ternatives to BHs, often referred to as exotic com-
pact objects [9–14]. A partially reflective (rather than
completely absorptive) boundary at a microscopic dis-
tance (e.g., Planck length) from the would-be horizon
would trap GWs between the horizon and the angu-
lar momentum barrier, yielding delayed late-time sig-
nals (i.e. GW echoes) after the ringdown phase of BH
merger/formation. The robust outcome would be a re-
peating signal of interval (e.g., [15])
∆techo ∼ 4GM
c3
ln
(
γM
MPl
)[
1√
1− a¯2 + 1
]
, (1)
where M and a¯ are the mass and (dimensionless) spin of
the BH, G is the gravitational constant, c is the speed of
light, and MPl is the Planck mass. Here, the reflection
is assumed to happen at a proper distance of γ× Planck
length from the would-be horizon. While one may ex-
pect γ ∼ 1 for Planck-scale modifications, it could also
take values  1 ( 1) if the process that is responsible
∗These authors equally contributed to this work.
for echoes takes place at super-Planckian (sub-Planckian)
energies.
Let us assume the case of a BH formed from a collapse
of a massive neutron star (NS). For a BH of mass 2.5 M
and spin 0.7, ∆techo is ∼ 10 ms. The lowest harmonic
of this echo signal is thus ∼ 100 Hz, which is right in
the frequency band where the ground-based GW detec-
tors are the most sensitive. Motivated by this, search
for echo signals from a possible BH remnant of the NS
merger event GW170817 [16] was recently done in [15],
claiming a tentative (4.2σ) detection of GW echoes ∼ 1
second after the time of merger. The fundamental fre-
quency was at 72 Hz, which is consistent with a high-spin
BH remnant of a NS merger, with a¯ = 0.84 − 0.87 (for
γ of order 1). Interestingly, this spin range is consistent
with expectations from numerical simulations of binary
neutron star (BNS) mergers [17], while the time of GW
echo peak emission coincides with the BH collapse time
tcoll = 0.98
+0.31
−0.26 sec, inferred from electromagnetic obser-
vations [18].
The existence of echoes is still a matter of debate, as
other independent searches concluded in a lower signifi-
cance [19], or with a negative result [20, 21] (albeit, us-
ing a method with higher detection threshold than the
claimed signal). As independent observations are yet to
converge on a consensus (although see [22] for one pos-
sible explanation of these discrepancies), it may be im-
portant to test whether the theoretical modellng of echo
signals can explain their tentative detection. Moreover,
theoretical considerations can provide realistic physical
targets, and forecast the feasibility of observing echoes
in the future.
Theoretical modeling of echo signals has been inten-
sively studied over the past few years since the detection
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2of GWs (e.g., [4, 6, 14, 23–29]). One toy model widely
used is that the reflectivity near the BH horizon is inde-
pendent of frequency, what we call “the constant reflec-
tivity” (or CR) model. More recently, a physically moti-
vated reflectivity model, the Boltzmann reflectivity (BR),
was introduced that exponentially depends on the ratio
of the frequency to BH’s Hawking temperature [4, 6].
The formulations for modeling echo signals from realis-
tic spinning quantum BHs by using the Chandrasekhar-
Detweiler (CD) equation [30, 31], was introduced under
the title of Quantum Black Hole Seismology in [1] (here-
after Paper I), which calculated the spectrum of echoes
under both CR and BR models. In this work, we apply
the modeling to BH remnants from two major astrophys-
ical scenarios for BH formation, NS mergers and failed
supernovae.
In the next section, we briefly summarize Paper I. In
Sec. III, our echo model is applied to NS mergers and
failed supernovae. First we focus on echoes from BH rem-
nants of NS mergers, and discuss the consistency between
the tentative detection of echo signals in GW170817 and
the BR/CR models. Next we consider BHs from failed
supernovae, and discuss the detectability of echo signals
in future GW observations. The final section is devoted
to conclusions.
II. OVERVIEW OF PAPER I [1]
The reflectivity of GWs at the horizon is determined by
the quantum nature of the BHs near the horizon. Paper
I assumed the two aforementioned models of the reflec-
tivity expressed as
R =
Rce
iδwall CR model,
exp
(
− ~|ω˜|
2kBTQH
+ iδwall
)
BR model,
(2)
where ω˜ ≡ ω − mΩH with ΩH ≡ a¯c32GM(1+√1−a¯2) and
m is the azimuthal harmonic number, Rc is a constant
reflectivity, and TQH is the effective temperature of the
quantum horizon. Different independent derivations for
BR model was provided in [4, 6] . For example, if the
dispersion relation is modified near the BH horizon as
Ω˜2 = (K˜c)2 + iγ
(
~Ω˜
MPlc2
)
(K˜c)2− ~2C2d
(K˜c)4
(MPlc2)2
, (3)
where Ω˜ and K˜ are proper frequency and proper wave
number of GWs, respectively (while γ and Cd are dimen-
sionless constants), then TQH in Equation (2) takes the
form
TQH '

pi(1+4C2d/γ
2)√
2+4C2d/γ
2
TH for Cd  γ,
TH for Cd  γ,
(4)
where TH is the (classical) Hawking temperature
kBTH =
~c3
4piGM
( √
1− a¯2
1 +
√
1− a¯2
)
. (5)
The parameter δwall appearing in both models is the
phase shift due upon reflection.
Using the reflectivity at the horizon and the angular
momentum barrier as boundary conditions, Paper I nu-
merically solved the CD equations in Kerr spacetime to
obtain the spectra of the echoes that reach the observer.
The initial signal is assumed to be a ringdown signal,
with its total energy parameterized as rdMc
2. For sim-
plicity we assume a single quasi-normal mode, i.e. as-
sume one mode energetically dominates over all the other
modes. Examples of the echo spectra for different reflec-
tivity models, BH spins, and ringdown modes are shown
in its Figures 12, 13, and 14. One notable finding in Pa-
per I was that overtones highly excite the low-frequency
region, giving echo amplitudes as much as an order of
magnitude larger than the fundamental mode. This is
because the overtones give a sharper wave packet in the
time domain than the fundamental modes, due to their
rapid decays. This results in a broader spectrum in the
frequency domain, which can give more spectral power
to the lower frequencies.
Paper I also showed that there exists a bound on the
reflectivity parameters Rc and TQH in order to avoid the
ergoregion instability. We find upper bounds Rc . 0.72
and TQH . 2TH for BHs at maximal spin a¯ = 0.9981,
while the bounds become looser at smaller spins. The
dependence of the upper bounds on spin can be seen in
Figures 1 and 2 of Paper I.
III. APPLICATION
A. Neutron star mergers
The remnant of the merger of two NSs is considered
to have a variety, depending on their masses and equa-
tions of state (for a review see e.g. [34, 35]). The merger
remnants may promptly collapse into a BH within a dy-
namical timescale (e.g. [36, 37]), collapse with a de-
lay due to rotational and thermal pressure support (e.g.
[38, 39]), or remain as stable NSs (e.g. [40]). Electro-
magnetic counterparts such as short gamma-ray bursts
or kilonovae/macronovae may be observable, which can
be used to infer the nature of the remnant. For the BNS
1 Teukolsky numerically calculated the amplification factor for the
near-extremal case a¯ = 0.99999 and obtained 1.38 [32]. Then
Maggio et al. pointed out [33] that the maximum reflectivity
should be around 0.64 to quench the ergoregion instability for
any spin.
3merger event GW170817 [16], observations of the subse-
quent kilonova/macronova emission favor a delayed col-
lapse scenario, although a stable NS remnant is not com-
pletely excluded [18, 41–43]. A search for GWs from a
possible long-lived NS remnant was done [44], although
the upper limit on the emitted GW energy is not very
constraining.
Tentative evidence for GW echoes from a BH remnant
of GW170817 has been reported by Abedi et al. [15] (for
other independent searches regarding this event see [19,
20]). They reported a significant excess power at (integer
multiples of) fecho = 72 (±0.5) Hz, peaked around ∼1
second after the BNS merger (consistent with the BH
collapse time reported in [18]).
In this section, we first investigate the parameter re-
gion in the BR and CR models which could be consistent
with the echo properties reported in [15]. Concretely,
we try to reproduce their results fecho = 72 Hz and
X(fecho) = 6.5× 1039 (strain)−2, with X(f) defined as
X(f) =
10∑
k=1
Re [H(t− tmerger = 1 sec, kf)
× L∗(t− tmerger = 1 sec, kf)]. (6)
Here, the functions H and L are the Weiner-filtered (not
whitened, which would have been dividing by square root
of PSD). Advanced LIGO observations, defined using
the publicly available data and power spectral densities
(PSDs) from the Hanford and Livingston detectors ob-
tained from this data2:
H(t, f) = Spectrogram
[
IFFT
(
FFT(hH(t− δt))
Hanford PSD
)]
(7)
L(t, f) = Spectrogram
[
IFFT
(
FFT(hL(t))
Livingston PSD
)]
.
(8)
Here FFT and IFFT are Fourier and inverse Fourier
transforms, and δt ≈ 2.62 ms is the offset of the event
between the two detectors, obtained in [15] using the pre-
merger inspiral GW signal. We follow the same method-
ology as [15] to obtain the PSD and calculate H, L and
X, except the assumption that the Fourier-transformed
strain FFT(hH) and FFT(hL) to be the echo spectrum,
meaning we neglect the noise component. This assump-
tion is not too bad when considering only the peak, since
the contribution to X(f) from noise is at most ∼ 1×1039
as seen in (e.g., Figure 5 of) [15]. This assumption also
allows a simple scaling X ∝ rd.
Since [15] conducted FFTs of 1 second data segments
to calculate X(f), we take the spectral resolution of the
signal to be 1 Hz. The spectrogram function has an am-
biguity in the normalization, which we need care when
2 https://www.gw-openscience.org/events/GW170817/
doing comparison using X. For the spectrogram function
[15] has adopted, we find that the correct normalization
in our methodology (based on our theoretical echo wave-
form) to have a value consistent with [15] is to divide by
2048, i.e.
H(t, f)|theory = 1
2048
h˜
(echo)
H
Hanford PSD
(9)
L(t, f)|theory = 1
2048
h˜
(echo)
L
Livingston PSD
(10)
where h˜
(echo)
H, L are the echo spectrum defined afterwards.
We tested whether the normalization of X(f) is correct
by repeating the analysis of [15] but injecting an echo
signal of known amplitude. We verified that a consistent
value of X(f) is obtained at peak frequency.
To calculate the theoretical echo signal, we first obtain
the ringdown waveform, h
(rd)
H and h
(rd)
L , measured at the
detectors in Hanford and Livingston with the absolute
values of the respective antenna pattern functions at the
location and time of GW170817: F ≡
√
F 2+ + F
2× = 0.89
and 0.75 [45]. The plus and cross modes are modeled as
h
(rd)
+ =
M
DL
Re
[
A+lmne−i(ωlmnt+φ
+
lmn)Slmn
]
, (11)
h
(rd)
× =
M
DL
Im
[
A×lmne−i(ωlmnt+φ
×
lmn)Slmn
]
, (12)
where ωlmn is the (complex) QNM associated with
(l,m, n) mode, Almn is the amplitude, Slmn is the
spheroidal function, and DL is the luminosity distance
assumed to be 40 Mpc [46]. Following [47] it is assumed
that φ+lmn = φ
×
lmn = 0, and the amplitude of plus mode
is same as that of cross mode A+lmn = A
×
lmn = Almn
for m = 2. On the other hand, A+lmn = Almn 6= 0 and
A×lmn = 0 for m = 0 [48, 49]. In the former case, the
observed signal can be modeled as
h
(rd)
H,L(t) = F+(θs, φs, ψs)h
(rd)
+ + F×(θs, φs, ψs)h
(rd)
× (13)
=
M
DL
AlmneIm[ωlmn]t|Slmn(θ, φ)|
× {F+ cos (Re[ωlmn]t+ β) + F× sin (Re[ωlmn]t+ β)}
(14)
=
M
DL
AlmneIm[ωlmn]t|Slmn(θ, φ)|
× F cos (Re[ωlmn]t+ α+ β),
(15)
where θs, φs are the polar and azimuthal angles in
the detector frame, ψs is the polarization angle, α ≡
cos−1[F+/F ], and β ≡ arg(Slmn). The latter case
(m = 0) is modeled by (15) with α = 03. The Fourier
3 In this manuscript, we assume |F+| = |F×| = F/
√
2. We also
have A20n/A22n =
√
2 due to the absence of the cross mode for
m = 0.
4FIG. 1: (a) Value of the peak of X(f) for the BR model. We take γ = 10−10 for different values of TH/TQH and the spin of
the remnant BH. Gray shaded region is disfavored as it results in an ergoregion instability. Here, we set ` = m = 2 and n = 0.
(b) Constraints on γ and the spin of the remnant BH from the frequency (72 Hz) of the claimed echoes in GW170817. A BH
mass of 2.7M is assumed in both plots, and for all the subsequent figures appearing in Sec. III-A.
FIG. 2: Fig. (a) shows the spectra of GW echoes from a remnant BH of M = 2.7M and a¯ = 0.6, 0.65 for l = m = 2 and
n = 0 in the BR model. The parameter γ is set to 10−12 (red and blue) and 10−11 (green). Fig. (b) shows the function X(f)
with the same parameters.
transform of (15) is
h˜
(rd)
H,L(ω) =
M
DL
AlmnF
[
eiαSlmnα+ + e
−iαS∗lmnα−
]
,
(16)
where the functions α±(ω) are defined in Paper I. The
phase α should be tuned so that the value of X is max-
imized, which is equivalent to the tuning of δt in [15].
The difference of α between the Hanford and Livingston
is around 180 degrees4, and therefore, we take α = 0 or
4 The exact number is 164.8 degrees, and the difference between
180 and 164.8 degrees leads to an error of only a few percents in
X.
pi that maximize the function X. Multiplying h˜
(rd)
H,L by
the transfer function introduced in the Paper I we obtain
the spectra of GW echoes h˜
(echo)
H , h˜
(echo)
L , which we plug
into equations (7) and (8) to obtain X(f). The validity
of this treatment is discussed in the Appendix A.
1. Fundamental mode, n = 0
We first consider the case where the echoes are domi-
nated by the fundamental (or least damped) QNM, which
also dominates the late-time ringdown signal.
In the BR model, we have three independent parame-
ters TQH, δwall, and γ. Here we set the value of δwall so
that the frequency peaks in spectrum of GW echoes are
5located at f = integers × fecho, which is consistent with
the analysis result in [15]. Now we have two parameters
TQH, γ coming for the echo model, and four other pa-
rameters for the remnant BH of the BNS merger a¯, M ,
θ, and rd, where θ is the viewing angle with respect to
the BH spin.
The estimated total mass of the two NSs [16, 50, 51]
and the subsequent mass loss due to mass ejection and
GW emission makes M likely to be around 2.6–2.7M.
In this subsection, we fix M to be 2.7M. We use the
estimate on the viewing angle of θ ≈ 20◦ [52, 53] ob-
tained from radio observations of the jet launched af-
ter the merger5, which is consistent with the constraint
15◦ . θ . 40◦ obtained from GWs [16, 50]. We calculate
the spectra of GW echoes with ` = m = 2 and esti-
mate X(f). Using this we constrain the temperature ra-
tio TH/TQH and spin a¯ as is shown in Fig. 1-(a). One can
see that if the remnant BH has a high spin of a¯ ∼ 0.85 (as
found in [15], based on the observed fecho, and γ ∼ 1), the
value of X is at most of order 1037(rd/1%). Thus, from
energy budget considerations, it is very difficult to repro-
duce the observed value of 6× 1039. On the other hand,
for the case of lower spin of a¯ . 0.7 there exists a param-
eter space that can satisfy the claimed value of X. In
this case, TH/TQH < 0.01 is required, which corresponds
to having the reflectivity of |R| & 0.94 for ω . mΩH, and
the corresponding value of spin is still in line with numer-
ical relativity simulations; for example simulations mod-
eling GW170817 [42] obtain the spin of the remnant BH
as a¯ ∼ 0.7 if it collapsed from a hypermassive NS. This
can be even lower if it collapsed from a supramassive NS,
due to the longer time available for the NS to transport
angular momentum to the remnant torus that is consid-
ered to form after merger. However a low spin requires a
small value of γ to match the peak frequency at 72 Hz.
From Eq. (1) and fixing the mass as 2.7M, one can con-
strain γ and a¯ as is shown in Fig.1-(b). For BH spins of
0.65 of a¯, a small value of γ ∼ 10−11 is required to match
the peak frequency. However, it means that the super-
Planckian energy around MPlc
2/γ ∼ 1011MPlc2 would
be involved at the would-be horizon.
To give a few examples which can be consistent with
the tentative detection of GW echoes, three spectra of
GW echoes, whose X(f) has a peak of (4 ∼ 7)× 1039 at
∼ 73 Hz, are shown in Fig. 2. We thus conclude that
the peak frequency and peak value of X in [15] can be
reproduced with our model within the allowed parame-
ter space. Considering peaks other than the fundamental
mode of 72 Hz, such as 36 Hz or 144 Hz, may constrain
the parameter space even further. We note however that
extending this low value of TH/TQH to spins higher than
0.7 leads to the ergoregion instability (Fig. 1(a)). The
5 This assumes that the BH spin is aligned with the jet launched
after the merger, which is natural under the assumption that the
BH’s rotational energy is used to power the jet.
FIG. 3: Dependence of X obtained in the BR model on
TH/TQH and a¯ with ` = 2, m = 0, n = 0, γ = 10
−10, and
θ = 20◦. The grey shaded parameter region leads to the er-
goregion instability.
likely existence of Galactic BHs having much larger spin
than this (see e.g. [54, 55]) would require TH/TQH to
have a nontrivial spin-dependence that can avoid the in-
stability. Another possibility to avoid this apparent ten-
sion is by assuming TH/TQH is time dependent instead
of spin dependent, i.e. a quantum BH cools down over
time. We do not probe this possibility in detail, as the
cooling timescales of these quantum BHs are completely
uncertain.
We also consider the possibility where an ` = 2,m = 0
mode dominated the ringdown GWs emitted after the
long-lived NS collapsed into a BH. The dependence of X
on TH/TQH and a¯ with fixed viewing angle θ = 20
◦ is
shown in Fig. 3. To be consistent with the value of
X = 6.45 × 1039, rd should be comparable to or larger
than 6% (Fig. 4). This requirement is somewhat higher
than numerical simulation of BNS mergers (e.g., [56–58]),
which find 1− 3% for total emitted post-merger GW en-
ergy. In addition, we see that the m = 0 case has a
large viewing angle dependence as shown in Fig. 5-(a),
where TH/TQH = 0.6 and M = 2.7M. However, there
is no consistent regions when TH/TQH = 0.6. If TQH has
a nontrivial dependence on the spin parameter to avoid
the ergoregion instability and TH/TQH ∼ 0.002 around
a¯ = 0.6, one can reproduce X ∼ 6× 1039 (see Fig. 5-(b))
with rd . 1%, for θ & 40◦. However, this is in tension
with the viewing angle constrained from the observed in-
spiral waveform 15◦ . θ . 40◦ [16, 50] (see Fig. 5-(b)).
Nevertheless, if we assume the orbital axis of the two NSs
and the resulting BH spin are aligned, it may be possible
to avoid the discrepancy by considering a large offset of
the NSs’ spins with respect to the orbital axis. However,
this is very difficult to achieve, since just before merger
the angular momenta of the two NSs are likely subdom-
inant compared to the orbital angular momentum [59].
The large reflectivity required to fit X ∼ 6 × 1039
(strain)−2 also poses a difficulty for the CR model, due
6FIG. 4: Fig. (a) shows the spectra of GW echoes from a remnant BH of M = 2.7M in the m = n = 0 case. We use the BR
model and the parameter γ is set to 10−10, θ = 20◦, and rd = 6%. Fig. (b) shows the function X(f) with the same parameters.
to the upper limit on Rc to avoid the ergoregion in-
stability. We find that, for both m = 0 and m = 2
cases, TH/TQH . 0.01 is required, which is approximately
equivalent to having |R| & 0.94 in ω . mΩH. Thus
the CR model without spin dependence (which requires
Rc < 0.72 to avoid the ergoregion instability) is also in-
consistent with the tentative detection of echoes in [15].
2. Overtones, n > 0
In the previous subsection, we saw that it was difficult
to reproduce the claimed echoes following GW170817 if
the fundamental ringdown QNM (n = 0) also dominates
the echo signals (leading to ergoregion instability and/or
super-Planckian energies). However, the excitation fac-
tors of overtones (n > 0) can be greater than that of the
fundamental QNM, and thus they can dominate when
the ringdown phase starts. For example, [60] analyzed
the waveform of a binary BH merger simulation [61] sim-
ilar with GW150914, and found that the n = 4 overtone
dominates the amplitude near the peak of the merger
(even though the relevance of linear theory at this time
is debatable). Motivated by this, we next investigate
whether the observed echo amplitudes can be reproduced
if overtones are energetically dominant in the ringdown.
We consider the case where the n = 2 overtone is domi-
nant, as this results in the loudest echo signal when other
parameters are fixed (see Fig. 14 of [1]).
We first consider the case where the ringdown consists
of highly excited overtone QNMs of ` = 2 and m = 0.
The CR model still has a difficulty reproducing the value
of X, with a required rd ' 36%. On the other hand,
the BR model can reproduce X ' 4×1039 that is almost
consistent with the tentative detection. In addition, the
parameters we fixed here do not lead to the unnatural-
ness of parameters TQH and γ mentioned for the above
n = 0 case. We set θ = 33◦ that is consistent with
the constraint on θ from the GW observation [16, 50],
TH/TQH = 0.54, for which the ergoregion instability is
absent (without requiring a nontrivial spin-dependence
of TQH), and γ = 1 for which the super-Planckian energy
is no longer involved near the would-be horizon. The re-
quired value of rd is still large; rd = 6.8% is needed to
reproduce X ' 4× 1039.
On the other hand, the required value of rd can be
significantly reduced by a lower TH/TQH. If we set
TH/TQH = 0.1, one can reproduce X ' 4.5 × 1039 with
rd = 0.7% (Fig. 6). In this case, a nontrivial spin de-
pendence of TQH is still necessary to avoid the ergoregion
instability for near-extremal spins.
If the overtones of ` = m = 2 were dominant in the
early ringdown of GW170817, the CR model can be well
consistent with the tentative detection whereas the BR
model is not (see Fig. 7). Here we set rd = 1.2%, θ =
20◦, and Rc = 0.71. As one can see in Fig. 7, the echo
peaks are highly suppressed and almost invisible since the
reflectivity of the BR model is exponentially suppressed
in low-frequency region. For the CR model, the wave
packet in frequency domain can be so broad that the echo
peaks in low-frequency region are sufficiently enhanced
(see Fig. 8) to be consistent with the tentative detection.
To summarize, the tentative detection of echoes fol-
lowing GW170817, if real, gives stringent constraints for
both the CR and BR models (see Table I for an executive
summary). In particular, we find that introducing over-
tones into the ringdown is required. Conversely, echoes
can give us information about the overtones in the ring-
down, which may otherwise be difficult to probe due to
their high frequencies and rapid temporal decays.
B. Failed supernovae
The death of massive stars and their gravitational col-
lapse can lead to very diverse outcomes. Stellar evolution
calculations predict that massive stars within a certain
mass range have compact cores which do not explode as
supernovae and instead directly collapse into BHs (e.g.
[62, 63]). The existence of such failed supernovae is sug-
gested as a solution to the discrepancy between the cos-
7FIG. 5: (a) Constraints on θ and spin of the remnant BH of GW170817 from the value of X(f) in [15]. Here, the BR model
with TH/TQH = 0.6 is assumed. (b) Plot of (rd, θ) which gives max(X(f)) = 6.45 × 1039. In both plots, we set ` = 2 and
m = n = 0. To be consistent with the observations [50] and total GW emission calculated from numerical simulations (e.g.
[56]), a loose limit of 15 . θ . 40◦ and rd . 0.01 is obtained (red shaded region). rd > 1 is unphysical (gray shaded region).
For both cases, we set γ = 10−10.
mic supernova and star-formation rates [64], and the ab-
sence of red supergiant stars of mass & 17 M as super-
nova progenitors [65–67]. A survey monitoring nearby
evolved massive stars has been carried out to directly
find these failed supernovae [68, 69], and recently found
a strong candidate of a BH forming from a vanishing
red supergiant star [69, 70]. In this section, we consider
echoes from BHs which form from collapses of nearby
massive stars.
Several numerical studies have estimated the GW
emission from collapse of NSs [71–76]. In particular, [75]
obtained a fit to numerical simulations that predicts GW
emission from BH formation over a wide range of spin
FIG. 6: Plots of X(f) obtained in the BR model for the
overtone QNM with n = 2 (black) and the least damping
QNM (pink). For both cases, we set ` = 2, m = 0, a¯ = 0.85,
rd = 0.7%, θ = 33
◦, DL = 40 Mpc, TH/TQH = 0.1, and
γ = 1.
with a¯ & 0.1 [73]:
rd ≈ a¯
n1
C1a¯n2 + C2
, (17)
where the fitting parameters are n1 = 1.43 ± 0.74, n2 =
2.63 ± 0.53, C1 = (5.17 ± 4.37) × 105, and C2 = (1.11 ±
0.57) × 106. The value of rd is typically of order 10−8–
10−6, being larger for higher BH spin.
Before doing a detailed calculation of echoes, we first
do a back-of-the-envelope estimate of its detectability us-
ing the results for BNSs in the previous section. For
the GW170817 case, the energy emitted as GW echoes
within 500 Hz is obtained as ∼ 8×10−4Mc2 [15], which
is ∼ 3% of our assumed ringdown energy rdMc2 ∼
2.7 × 10−2Mc2, where we used rd = 1% from the
above fit. Assuming the fraction is preserved for this
FIG. 7: Plot of X(f) with ` = m = 2 and a single dominant
overtone of n = 2 in the CR (pink) and BR (gray) models. We
set a¯ = 0.85, rd = 1.2%, θ = 20
◦, DL = 40 Mpc, Rc = 0.71,
TH/TQH = 0.54, and γ = 1.
8FIG. 8: Spectra of GW echoes for n = 2 (black solid) and
n = 0 (pink dashed) in the CR model. The parameters are
same as in Fig. 6.
CR model BR model
m = 2, n = 0 No No
m = 0, n = 0 No No
m = 2, n = 2 Yesa No
m = 0, n = 2 No Yesb
aIf rd ∼ 1 %, which is comparable to the total GW energy ex-
pected from NS mergers, using current simulations (c.f. [56–58]).
bFine tuned spin-dependent horizon temperature TQH is required.
TABLE I: Summary of our results for the CR and BR mod-
els on reproducing the claimed echoes following GW170817.
Integers m and n are the azimuthal number and overtone in-
dices of the ringdown QNM that dominate echoes, while l is
fixed to 2.
case, and the echoes is emitted by a BH of M ∼ 2.5M
at frequency fecho ∼ 100 Hz, the strain at distance D is
roughly
h ∼
√
(0.03rdMc2)G
pi2c3D2f2echo
∼ 4× 10−25 Hz−1/2
×
( rd
10−7
)1/2( fecho
100 Hz
)−1(
D
10 Mpc
)−1
. (18)
Thus current (or 2nd generation) detectors at design sen-
sitivity with noise power spectrum
√
Sn ∼ 10−24 Hz−1/2
can detect sources out to ∼ 1 Mpc, while 3rd generations
detectors with
√
Sn ∼ 10−25 Hz−1/2 may reach out to
∼ 10 Mpc.
To calculate the detailed spectra and detectable dis-
tance, we consider BH masses and spins in the range
2.1M ≤ M ≤ 3M and 0.1 ≤ a¯ ≤ 0.9. We assume the
GWs are emitted as ringdown radiation just after the col-
lapse, and is dominant in the l = 2,m = 0 mode, which is
justified if the system does not deviate significantly from
axisymmetry. We thus use the value of rd in equation
(17) to obtain the QNM amplitude for l = 2 and m = 0.
The outgoing echo spectrum hecho(f) is calculated using
the BR (i-iii) and CR (iv) models for the following cases:
(i) An n = 0 (fundamental) mode with TH/TQH = 1,
(ii) n = 0 mode with TH/TQH = e
15(a¯−1) (see Fig. 9),
(iii) An n = 2 overtone with TH/TQH = 0.54,
(iv) An n = 2 overtone with Rc = 0.71.
The last three cases are what we learned in the previous
section to be consistent with the claimed echoes following
GW170817. For the first two cases we adopt γ = 10−10,
and for the last two cases γ = 1. We also assume F = 1
in this subsection, i.e. the source is at an optimal sky
location.
We calculate the optimal signal to noise ratio ρopt from
ρ2opt =
∫
h˜2(f)
Sn(f)
df, (19)
where h˜(f) is the calculated echo signal, and Sn(f) is
the noise spectral density. The viewing angle is assumed
to be orthogonal to the BH spin, which is the optimal
case for l = 2,m = 0 modes (see Fig 5-(a)). To ob-
tain Sn(f) we use the expected sensitivity curves for Ad-
vanced LIGO at Design Sensitivity [77] and the two 3rd
generation detectors, Einstein Telescope [78] and Cosmic
Explorer [77].
Using the signal to noise ratio we calculate the horizon
distance, defined here as the distance where ρopt = 8. We
note that this is a definition widely used in the context for
searching inspirals of compact object binaries (e.g. [79]),
and is valid only if we have an accurate template wave-
form. If the true reflectivity near the horizon is different
from the BR and CR models assumed here, the signal
would not match the theoretical waveform (although res-
onance frequencies are likely unchanged), thus reducing
the distance out to which echoes are observable.
Fig. 10 to 13 show the horizon distances for the
three cases assumed above. For cases (i) and (iii) of
TH/TQH = 1, we generally see an increase in the hori-
zon distance for higher spins, due to the spin dependence
of rd. However for the case (ii), the exponential depen-
dence of the reflectivity on the BH spin gives a larger
horizon distance for smaller spins.
For case (i), the horizon distance lies at 0.1 – 0.5
Mpc for Advanced LIGO, and at 1–8 Mpc for the third-
generation detectors depending on spin. For the other
three cases, the range extends out to 1 Mpc for Advanced
LIGO, and a few 10 Mpc for the third-generation de-
tectors depending on spin. We can thus conclude that
echoes can be probed in the future for failed supernovae
that occur in the nearby universe.
We however note that the detectability is affected by
how long the waveform template is, especially for case
(ii) where TH/TQH can become very low and create a
very long-lived signal. In the above estimates we used a
spectral resolution of 0.1 Hz for h˜(f), which corresponds
to using a template of 10 seconds long for matched fil-
tering. We plot the spectrum for different spectral res-
olution, with all the model parameters fixed (Fig. 14).
9FIG. 9: Red solid and purple dashed lines show the value of
TH/TQH(a¯) we use to calculate the horizon distances. The
former one is TH/TQH = 1 and the latter one is an optimistic
case in which the reflection rate is enhanced while avoiding
the ergoregion instability (gray region) in the range of 0 ≤
a¯ ≤ 0.998.
We find that a coarser spectral resolution reduces the
SNR and thus horizon distance by almost an order of
magnitude for low spins. However, note that this is an
artefact of the choice TH/TQH = e
15(a¯−1), marking the
boundary of ergoregion instability in Fig. 9. For values
of TQH far from this boundary, e.g., cases (i) and (iii)
where TH ∼ TQH, the damping time is short enough that
template duration does not severely affect the results.
Recently, a search for failed supernovae monitoring
evolved massive stars in nearby galaxies found a strong
candidate at a distance of 6 Mpc [70]. If candidates like
this are found in the future, it may be of interest to con-
duct follow-up search for echoes. Assuming that BHs
form in η ∼ 15% of core-collapse [80], the rate r of BH
formation within distance d is
r ∼ 0.4 yr−1
(
η/(1− η)
0.18
)(
d
20 Mpc
)−3
(20)
where we used the local (successful) core-collapse super-
nova rate ∼ 7 × 10−5 Mpc−3 yr−1 [81]. Within these
horizon distances, electromagnetic emissions from failed
supernovae may be detectable (e.g. [82–85]). A multi-
messenger search can help (i) significantly narrow down
the time window to search for a possible echo signal, and
(ii) decrease the detection threshold, if a viable candidate
is found.
Since echoes can be seen when the remnant NS reaches
its maximum mass and collapses to a BH, extraction of
the peak frequency may help constrain the NS’s maxi-
mum mass. The dependence of ∆techo on BH spin (equa-
tion 1) implies that BHs formed at lower spins are better
targets for pinning down this mass. We note however
that thermal effects can significantly change the maxi-
mum mass (by O(10%) [86]), and the maximum mass for
a cold NS one derives will depend on the model one as-
sumes for this effect. Although detailed discussion on the
feasibility of extracting the BH parameters is beyond the
scope of this work, echoes may provide crucial and com-
plementary information for constraining the equation of
state of NSs.
IV. CONCLUSION
In Paper I, we provided a formulation for quantum
black hole seismology, which could be used to calculate
spectra of gravitational wave echoes emitted by spinning
black holes. Utilizing this framework, in this work we
considered the echo signatures from two representative
astrophysical events leading to black hole formation: neu-
tron star mergers and failed supernovae.
For neutron star mergers, we compared the Boltzmann
and constant reflectivity models against the detection
claim of gravitational wave echoes from GW170817. We
find that if the echoes are energetically dominated by the
fundamental quasinormal modes of the ringdown, both
models have difficulty reproducing the claimed strength
of echoes. This is because the required reflectivity is too
high and necessitates an unnatural spin-dependence of
the reflectivity in order to avoid the ergoregion instabil-
ity. They also require super-Planckian frequencies near
the horizons of the black hole.
However if the overtone quasinormal modes of ` = 2,
m = 0 (` = m = 2) are highly excited when the ring-
down phase starts, the echo peaks at low frequencies
are strongly enhanced in the Boltzmann (constant) re-
flectivity model, consistent with the level claimed for
GW170817 [15]. However for the case of the Boltz-
mann reflectivity model with m = 0 mode, a larger
ringdown energy rd than predicted from simulations or
a spin-dependence of reflectivity is required. Although
the Boltzmann reflectivity may be more physically mo-
tivated, one may favor the constant reflectivity model
between the two.
For failed supernovae, we calculated the maximum dis-
tance to which we can observe the echoes predicted by the
Boltzmann reflectivity model. We find that both second-
generation and third-generation detectors may see (or
constrain) echoes of black holes in the nearby universe,
out to a few ×10 Mpc for third-generation detectors. We
claim that failed supernovae can be an additional inter-
esting probe of quantum gravity, as well as a potential
probe of the equation of state for neutron stars.
Our echo calculation assumes a simple ringdown wave-
form of a single quasinormal mode for the input. This
is obviously an approximation, as works utilizing numer-
ical relativity simulations find more complex waveforms
post-merger. Using more realistic waveforms from these
simulations would be an important improvement to our
analysis.
We shall further note that although the evidence
claimed for gravitational wave echoes in compact binary
mergers are still controversial, they have significantly
driven the scientific community toward constructing a
theoretical framework for phenomenology of quantum
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FIG. 10: Horizon distances for various BH masses and spins for case (i) in main text: the BR case with TH/TQH = 1, and
n = 0 (fundamental) mode is dominant. The blue dots, orange triangles and green squares are obtained respectively by using
the expected noise curves for the LIGO Design sensitivity, Einstein Telescope, and Cosmic Explorer.
black holes and exotic compact objects [87]. As theo-
retical modeling has improved, it is now time to infer the
correct model from observations of black hole-forming
events. This is very hopeful in the foreseeable future,
as detectors with enough sensitivity to probe this exotic
phenomenon are starting to be realized.
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Appendix A: calculation of hH,L
In this appendix, we provide our methodology to in-
clude echo signal into the detected GW waveforms in
Hanford and Livingston. The observed waveform is
hH,L(t) = F+h+(t) + F×h×(t), (A1)
and the spectrum of h+,× is obtained as
h˜+,×(ω) = h˜
(rd)
+,×(ω)(1 +K(ω)), (A2)
where K is the transfer function introduced in the Paper
I. Substituting (A2) into the Fourier form of (A1), the
spectrum is
h˜H,L(ω) = (F+h˜
(rd)
+ + F×h˜
(rd)
× )(1 +K)
= h˜
(rd)
H,L(ω)(1 +K),
(A3)
and h˜
(rd)
H,L is given in (16). We then substitute h˜H,L into
(7) and (8) with the proper normalization to obtain the
functions H(t, f) and L(t, f).
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FIG. 11: Same as Fig 10, but horizon distances for case (ii).
0.1 0.2 0.4 0.6 0.8 0.9
spin
102
103
104
105
ho
riz
on
 d
ist
an
ce
 (k
pc
)
circle: LIGO, triangle: ET, square: CE
solid: 2.1 M⊙ , dashed: 2.4 M⊙ , dotted: 2.7 M⊙ , dash-dotted: 3 M⊙
FIG. 12: Same as Fig 10, but horizon distances for case (iii).
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FIG. 13: Same as Fig 10, but horizon distances for case (iv).
FIG. 14: Spectra of GW echoes in the BR model in 108−112
Hz with ` = 2, m = 0, a¯ = 0.1, M = 2.1M, DL = 40 Mpc,
TH/TQH = e
15(a¯−1), and γ = 10−10. The frequency resolution
∆f is set to 1 Hz (red), 0.1 Hz (green), 0.01 Hz (yellow), and
0.001 Hz (blue).
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